Introduction
The classic Reynolds formula, Eq. (1), is obtained under the Newtonian fluid hypothesis. It therefore does not include the variation in viscosity (tj) through the film thickness (h).
For contacts that are highly loaded with small film thickness, which is typical of elastohydrodynamic lubrication (EHL), the fluid ceases to be Newtonian. The use of Reynolds equations that include non-Newtonian effects has led to improvements in the calculation of film thickness [1, 2] and in the prediction of the friction coefficient.
The development of generalised Reynolds equations has been frequently based on two-dimensional models [3] , such as the one presented in this article. This type of models is generally used in some applications of gears, cams and bearings [4, 5] .
However, the development of generalised exact Reynolds equations for non-Newtonian fluids has mainly focussed on fluids that fulfil the Eyring rheological model [6] [7] [8] [9] [10] [11] or Ellis model [1, 6] , both of which have their limitations for predicting the variation in viscosity over a wide range of shear rate [12] . For other non-Newtonian liquid models, like the Ostwald-de Waele, Spriggs or Rabinowitsch models, exact Reynolds equations can be found in Ref. [13] .
Rheological Carreau model
The Carreau model [14] is a non-Newtonian model where viscosity depends on shear rate, as follows:
When trying to find the generalised Reynolds equation for a non-Newtonian fluid, it is simpler to use a modified Carreau Eq. (3), proposed by Bair [1, 15] , with x as the independent variable. This expression is valid for 0.2 < n < 1, which means it can be applied to most non-Newtonian fluids that fit the Carreau model. Otherwise, a numerical calculation would be required to find the velocities field.
Reynolds-Carreau equation
Bair and Khonsari [13, 16] have put forward an approximate Reynolds equation adapted to the Carreau model. It is based on a numerical adjustment of the equations for flow rate (0_) and mid-plane shear stress (x m ) taken from 103 numerical simulations for different operating conditions. The dimensionless expressions they obtained are as follows for the flow rate and mid-plane shear stress, and will serve for making a comparison with the new equations obtained in this article:
These equations are fitted for the following dimensionless operating ranges: 71 = 0.3, 0.5 and 0.75 0.01 < u m < 1 and u m = -1 -27<p'<27 -0.5<i;<l (5) By taking the balance of forces obtained in Eq. (6) for ^ # 0 and making a substitution in the integration variable dp dz dp , , dp
where z m is defined as the value of the shear stress at point z=Q.
By making the corresponding change in the integration limits, expression (8) is transformed to
(dp/dx)
New Reynolds-Carreau equation
The procedure followed is identical to that for finding the Newtonian Reynolds equation. The first step is to balance the forces of an element of the contacting fluid, as Fig. 1 shows.
This gives dp _ dz dx ~ dz (6) To obtain the Reynolds equation the velocities field needs to be calculated. The field can be defined by taking the integral expression as follows, where the origin of z is the mean point of the film thickness (-h/2 <z< h/2):
Inserting the relationship between viscosity {r¡) and shear stress (T) into the velocity gradient gives Eq. (8) Integrating Eq. (10) with z > 0 gives the fluid velocity field across the film thickness:
By developing expression (16) and simplifying, we obtain the expression for the flow rate:
Transforming back to terms of z and developing leads to:
fi(dp/dx) 1+n G ¿ + zí+2z m z ^-+[z^-dp dx dp dx dp dx
(1 + n)/2n (13) By particularising u for z=h/2, Eq. (14) is obtained. This expression provides the value of z m , which a priori was unknown. (u 2 -ui)/i(dp/ax)(l+n)
This expression (14) has no analytical solution in general. Therefore, in order to find the value of z m numerical calculation is required. In this case, the Newton-Raphson method is used. The next step is to calculate the flow rate per unit length by integrating the velocities field:
By again making the same substitution in the integration variable, Eq. (9), the following equation is obtained:
(1+n)fi(dp/dx)
Applying the law of conservation of mass will give the ReynoldsCarreau analytical equation:
The resulting expression (20) is a function of z m , which means that to find the flow rate, all that is required is to insert the values of z m calculated from Eq. (14) . So that the results from the equations obtained can be compared with those found by Bair-Khonsari, Eq. (20) is made dimensionless with the same dimensionless parameters used by Bair-Khonsari. These parameters are
By inserting these parameters in Eqs. (3), (13), (14) and (19), dimensionless equation is obtained for the Carreau model, the mid-plane shear stress, the flow rate and the Reynolds-Carreau equation:
where ft is given by the expression:
Under the following integration rule, obtained through Maple's symbolic integration modulus (where the integrand is positive) the solution can be calculated:
where 2 fi is the Gauss hypergeometric function [14] , that corresponds to a particular case of the generalised form of the hypergeometric function or Barnes extended hypergeometric function. It is denoted by ¡F k (a, b, z\ where j is the length of vector a and k is the length of vector b. For further clarity the following notation is used in this paper: [17, 18] .
Comparison analytical formulae-simulation for Q The errors obtained are less than 6% for the values of T m and less than 8% for the values of Q. new in all conditions. If a comparison is made with the data obtained by Bair-Khonsari [16] , the errors for flow rate are of the same order, but the results for mid-plane shear stress over the whole simulated range are generally better.
Particularisation for the Ellis and Rabinowitsch models
After verifying the new equations, they are particularised for n = l/3 where the Carreau model is equivalent to Rabinowitsch and Ellis equations [1[. For these two models analytical results of the Reynolds equation are published in Refs. [l, 13, 19] ,and therefore the results derived from the new equations can be compared with the existing equations for this particular case.
By substituting n = l/3 in (3) and (14) In order to verify the flow rate equation, expression (18) particularised to n = l/3 leads to the polynomial nG % hypergeom 1 2'~ 1+n 2n
By inserting Eq. (25) into (19) and developing, flow rate expression (26) is obtained .
If Eqs. (24) and (26) are developed to deduce the mid-plane shear stress and flow rate, a complete equivalency is found with the results presented by Bair [1, 13] when regarding the Rabinowitsch model and the particular case of the Ellis model when n = l/3.
Conclusions
This article proposes a new Reynolds-Carreau equation for line contact and expressions for the mid-plane shear stress and flow rate. The equations have been obtained in a general way, unlike the approximate expressions published previously for the Carreau model, which are obtained by fitting the simulations to specific conditions. Therefore, the new equations are applicable to a wider range of conditions.
The new formulae are analytical, simple and easy to implement since the hypergeometric function can be found in most programming libraries (Matlab, Mathematica, Maple among others) and moreover the results obtained with new equations show a good correlation with simulations presented by BairKhonsari [16] .
In addition, the presented equations have been particularised for n = l/3 in order to obtain comparable expressions to the Ellis and Rabinowitsch models. As analytical equations are available for the Ellis and Rabinowitsch models, it has been verified that the particular solution attained by using the new equations is identical to that presented previously.
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